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Abstract 

Transmission rattle occurs in light-to-medium loaded interactions of loose gear pairs when subjected to 

vibration. The paper provides solutions for iso-viscous and piezo-viscous hydrodynamic lubricant 

behaviour that are an underlying cause of gear rattle. The non-linear stiffness and damping 

characteristics are obtained and their variation under transient conditions in combined rolling, and 

normal approach and separating contacts are discussed. Relationships for lubricant reaction under both 

lightly loaded iso-viscous and medium loaded piezo-viscous conditions are determined, the latter for 

the first time for the case of counterformal line contact geometries. The underlying reason for idle rattle, 

a significant concern in vehicular transmissions, is explained in a fundamental manner through unstable 

spectral content of lubricant film surface ripple oscillations. As transmitted load increases during vehicle 

launch, piezo-viscous behaviour suppresses these instabilities, inducing creep rattle during the transition 

from idle to drive rattle. Thus, the fundamental role of lubricant behaviour in influencing transmission 

rattle has been demonstrated, which has not hitherto been reported in the literature. 

Keywords:  Transmission gear rattle, idle rattle, creep rattle, non-linear stiffness; non-linear 

damping; intermittent impacts, Transient non-conforming lubricated line contacts 

                   

1- Introduction 

In recent times there has been a growing trend towards high output power- to weight ratio in the 

development of propulsion systems such as vehicular engines and transmissions. One approach has 

been system and component downsizing. For gearing transmissions, the reduced separation of input and 

output shafts has resulted in repetitive impact of unselected (unengaged loose gears) at light impact 

loads. This results in propagation of noise from the impact zones, termed rattle in the automotive 

industry. The case of idle gear rattle occurs when no meshing gear pair exist (vehicle idling) (figure 1). 

The impact zones are shown in the figure. In idle rattle the impact forces are insufficient to promote 

lubricant piezo-viscous behaviour (i.e. the lubricant response is iso-viscous hydrodynamics).  Idle gear 
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rattle is quite audible due to low engine noise under vehicle stationary idling condition [2-5]. It has been 

a major source of noise, vibration and harshness (NVH) concern in the industry [6].  

 

 

Figure 1: 6-speed vehicular transmission system at idle condition 

 

 

 

 

Figure 1: 6-speed vehicular transmission under idle rattle condition 

 

As the transmission is engaged in first or second gear, engine power is increased (at the onset of vehicle 

launch). The unengaged gear pairs are then subjected to higher impact forces, promoting piezo-viscous 

hydrodynamics. The impact force is insufficient to induce any localised deformation of surfaces (see 

later), which would be necessary for inception of elastohydrodynamic (EHD) conditions. The engaged 

gear pairs transmit much higher contact forces, resulting in EHD. Gear rattle still occurs with engaged 

gear pairs (because of existing backlash) but is not usually heard owing to the high engine sound 

accompanying increased output power. Rattle from engaged gear pairs at high load is termed drive rattle 

[7]. Various forms of transmission rattle were described in some detail with some descriptive emphasis 

on the role of lubricant by Menday [8]. However, the fundamental behaviour of the lubricant underlying 

rattle characteristics has not, hitherto, been evaluated.    

The dynamics of systems where the load is supported or transmitted through lubricated contacts is 

complicated because, at each step of simulation, combined solution of the inertial dynamics equation 

of motion and mechanics of lubricated contacts is required. Such tribodynamics analyses often require 

the numerical solution of Reynolds equation, which can be inordinately time-consuming. Rattle is just 

one such problem. Other similar problems include non-conforming contacts, where the contact footprint 

can be characterised by a long and narrow rectangular strip. For example; cam-tappet contact [9-12]; a 

pair of meshing spur gear teeth [13-17]; piston ring and cylinder liner (when the contact is viewed as 

unwrapped) [18-20]; or misaligned concentrated contact of cylindrical joints [21, 22]. In dynamic 

analyses, the contacts are often represented by spring-damper restoring reactions in the equations of 

F  :  Gear Ratios 

All gear pairs unengaged 
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motion. However, in lubricated contacts the stiffness and damping characteristics are non-linear and 

often cannot easily be represented by separate restoring elements. 

In all cases, the contacting surfaces are subjected to relative rolling-sliding motion with mutual 

convergence and separation of surfaces, such as in the meshing of gear teeth, or in the traverse of rolling 

elements from the loaded into the unloaded regions of a bearing [23-26]. The normal approach and 

separation of contacting surfaces gives rise to squeeze film action, which is often omitted in lubricated 

contact analysis but is essential under transient conditions (i.e. for all dynamic studies) [27-29]. The 

squeeze film motion is a transient phenomenon which promotes lubricant film damping contribution 

and increases the contact load carrying capacity [30]. Therefore, the solution of Reynolds equation for 

dynamic analyses (i.e. tribodynamics) should include the effect of squeeze film motion.  

In many cases, the development of non-linear stiffness and damping elements from numerical/analytical 

results of lubricated contacts provides the opportunity for time-efficient tribodynamic analysis under 

transient conditions, such as in transmission gear rattle. The procedure was first highlighted in [31] for 

ball-race contacts in bearings as the ball complement undergo their orbital motion subjected to transient 

changes in the prevailing regimes of lubrication. To provide a numerical solution for a cage cycle of 

several lubricated ball-to-races contacts would be computationally prohibitive.  There have been a 

number of studies to predict or develop stiffness and damping characteristics of lubricated contacts, 

mostly for highly loaded cases under elastohydrodynamic regime of lubrication (EHL: piezo-viscous 

elastic) [16, 32-36]. Lubricant film damping, arising from squeeze film motion, has been found to be 

rather insignificant under EHL [37, 38]. Thicker films under hydrodynamic regimes of lubrication 

provide more damping through the dissipation of energy, as already shown in phase plane 

representations for ball bearing dynamics [31].  

There has been a dearth of analysis of stiffness and damping characteristics of non-conforming line 

contacts under hydrodynamic regime of lubrication. Yet, many contacts at light to medium loads such 

as gearing transmissions are subject to this condition, leading to rattle and clatter phenomena, which, 

as already mentioned, is a major industrial concern [1-6]. In general, light to medium loaded lubricated 

line contacts fall within iso-viscous or piezo-viscous rigid regimes of lubrication.  As already noted, 

these conditions occur in a host of lubricated conjunctions. Therefore, the determination of stiffness and 

damping characteristics of such contacts in combined rolling-sliding and squeeze film motions would 

advance tribodynamic analyses.  

This paper provides analytical solutions for light-to-medium loaded non-conforming transient 

hydrodynamic line contacts and develops non-linear stiffness and damping elements, an approach not 

hitherto reported in the open literature.  Subsequent detailed dynamic analysis of gearing transmission 
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under low impacting loads, pertaining to gear rattle conditions, is provided. Transient hydrodynamic 

lubricant behaviour is shown to be the underlying cause of differing gear rattle classifications.     

 

 

 

2- Tribodynamics of loose gear pair lightly-loaded impact  

As already noted, the impact of loose (unselected/unengaged) gear pairs leads to the 

phenomenon of gear rattle. The equation of motion can be stated as: 

 𝑧̈ =
1

𝑚
{𝑊(𝑡) − 𝐹(𝑡)} − 𝑔        (1) 

where, 𝑊(𝑡) is the lubricant hydrodynamic reaction, 𝐹(𝑡) is the impact force, m is the equivalent mass 

of the impacting teeth pair, g is the gravitational acceleration and 𝑧̈ is the acceleration of the loose gear 

surface. Note that the impact of a pair of loose gear teeth  is considered as two instantaneous impacting 

cylinders. In contact mechanical terms this is the same as a rigid cylinder of equivalent radius, R (figure 

2) impacting a semi-infinite elastic half-space of effective Young’s modulus of elasticity, 𝐸∗, where:  

1

𝑅
=

1

𝑟1
+

1

𝑟2
           (2)      

For two surfaces of the same material, the plane strain equivalent modulus is: 

𝐸∗ =
𝐸

1−𝜗2          (3) 

where, 𝜗 is the Poisson’s ratio. 

The impact force for loose gear pairs is low in magnitude, not causing any localised deformation of 

teeth surfaces. These conditions pertain to lightly loaded hydrodynamics, mostly under iso-viscous 

condition as the generated pressures are fairly insufficient to promote piezo-viscous action of the 

lubricant. Typical data concerning the impact geometry, R, material properties, E, 𝜗,  , and operating 

conditions, u, w, F are used to determine the fluid film regime of lubrication (see section 3). It can be 

seen that the maximum generated pressure at highest squeeze film velocity does not exceed 200 MPa 

(see figure 5). The solidification pressure of most transmission fluids is around 300 MPa [39], where 

the lubricant acts as an amorphous solid (a pre-requisite of elastohydrodynamic regime of lubrication). 

Furthermore, using the classical Hertzian contact mechanics [40] for idealised counterformal line 

contact, the localised contact deflection becomes: 
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𝛿 =
4𝑅𝑝2

𝐸∗2           (4) 

For 𝐸∗ = 226 𝐺𝑃𝑎,  𝑅 = 0.0127 𝑚, 𝑝 = 200 𝑀𝑃𝑎:  𝛿 = 0.04 µ𝑚, which is negligible. Hence, the 

prevailing conditions are piezo-viscous hydrodynamics.  Therefore, as already stated by many authors, 

gear rattle occurs under light-to-medium loaded hydrodynamics [1-6, 8]. Under hydrodynamic 

conditions and at light to medium load surface roughness effects are negligible. Therefore, smooth 

surfaces are assumed. 

 

3- Analytical model for hydrodynamic line contacts  

To obtain a solution for the equation of motion (1), one needs an expression for the lubricant reaction, 

𝑊(𝑡), which is a combination of lubricant restoring stiffness and damping actions. The reaction is 

required at any instant of time in the normal approach and separation of the impacting teeth and in their 

in-situ relative rolling and sliding motion.  This is a transient phenomenon, for which a solution of 

Reynolds hydrodynamic equation is required.  Generic numerical solutions of Reynolds equation have 

been reported ever since the pioneering contribution of Dowson [41]. However, no analytical solutions 

suitable for inclusion in time-efficient tribodynamics analysis under transient conditions have been 

reported for the case of non-conforming contacts (as in the contact of gear teeth pairs). For the case of 

conforming contact of journal bearings as in infinitely long bearing or infinitesimally short bearing 

analytical conditions for steady state rolling have been reported and are now well-known textbook 

contributions.    

The general case of a non-conforming line contact may be viewed as a pair of idealised right circular 

cylinders in axial contact (figure 2). The contact footprint is a long rectangular strip when the cylinders 

have a large length-to-diameter ratio. If this ratio is very large, the pressure variation in the axial 

direction, 𝑦, may be considered as insignificant compared with the pressure gradient in the lateral rolling 

direction, 𝑥. This condition is referred to as idealised infinite line contact. A one-dimensional solution 

of Reynolds equation would suffice in this case. For the case of rolling and squeeze film motions with 

no side leakage of lubricant: 

𝜕

𝜕𝑥
(

ℎ3



𝑑𝑝

𝑑𝑥
) = 12 {(𝑢1 + 𝑢2)

𝜕ℎ

𝜕𝑥
+ (𝑤1 − 𝑤2)} (5) 
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Figure 2: Schematic representation of (a) counterformal line contact and (b) idealised representation 

3.1- Iso-viscous condition:  Pressure distribution and load carrying capacity 

For iso-viscous condition:   = 
0
 .  

Let 𝑢 =
1

2
(𝑢1 + 𝑢2) , and 𝑤 =  𝑤1 − 𝑤2, thus: 

𝜕

𝜕𝑥
(ℎ3 𝑑𝑝

𝑑𝑥
) = 6

0 {𝑢
𝜕ℎ

𝜕𝑥
+ 2𝑤}  (6) 

Integrating twice with respect to 𝑥 and using the following boundary conditions: 

𝑑𝑝

𝑑𝑥
= 0  at  𝑥 = −𝑥𝑎  (7) 

where: 

𝑝 = 𝑝0  and ℎ = ℎ𝑎  (8) 

The pressure gradient becomes: 

𝑑𝑝

𝑑𝑥
=

6𝑢0(ℎ−ℎ𝑎)

ℎ3 +
12𝑤0(𝑥+𝑥𝑎)

ℎ3   (9) 

The film shape for an equivalent ellipsoidal solid of revolution of radius 𝑅 (for the contacting cylinders 

in Figure 2) against a flat surface is parabolic, thus: 

ℎ = ℎ0 (1 +
𝑥2

2𝑅ℎ0
)  (10) 

Replacing for film thickness from equation (10) into equation (9) yields: 

𝑑𝑝

𝑑𝑥
=

60

ℎ0
3{1+(

𝑥2

2𝑅ℎ0
)}

3 {
𝑢

2𝑅
(𝑥2 − 𝑥𝑎

2) + 2𝑤(𝑥 + 𝑥𝑎)}  (11) 
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The following non-dimensional terms are used to provide a generic dimensionless form of the idealised 

non-conforming line contact hydrodynamic Reynolds equation: 

𝑡𝑎𝑛𝑥̅ =
𝑥

(2𝑅ℎ0)
1

2⁄
 ,  𝑡𝑎𝑛𝑥𝑎̅̅ ̅ =

𝑥𝑎

(2𝑅ℎ𝑎)
1

2⁄
 , 𝑤∗ =

𝑤

𝑢
 ,  𝑝∗ =

ℎ0

3
2⁄

𝑝

6√2𝑅𝑢0

 , ℎ0
∗ =

ℎ0

𝑅
  (12) 

Also: 𝑑𝑥 = √2𝑅ℎ0𝑠𝑒𝑐2𝑥̅𝑑𝑥̅  and 𝑑𝑥𝑎̅̅ ̅ = 0  (13) 

Substituting from (9) and (10) into (8) yields: 

𝑑𝑝∗

𝑑𝑥̅
= 𝑠𝑖𝑛2𝑥̅𝑐𝑜𝑠2𝑥̅ − 𝑡𝑎𝑛2𝑥𝑎̅̅ ̅𝑐𝑜𝑠4𝑥̅ +

4𝑤∗

√2ℎ0
∗ (𝑠𝑖𝑛𝑥̅𝑐𝑜𝑠2𝑥̅ + 𝑡𝑎𝑛𝑥𝑎̅̅ ̅𝑐𝑜𝑠4𝑥̅)  (14) 

Now integrating with respect to 𝑥̅ and using the following boundary condition for a fully flooded inlet: 

𝑝∗ = 0  at 𝑥̅ = −
𝜋

2
 (corresponding to 𝑝 = 0 𝑎𝑡 𝑥 = −∞)  (15) 

yields: 

𝑝∗ =
1

8
𝑥̅ −

1

32
𝑠𝑖𝑛4𝑥̅ − 𝑡𝑎𝑛2𝑥𝑎̅̅ ̅ (

3

8
𝑥̅ +

1

4
𝑠𝑖𝑛2𝑥̅ +

1

32
𝑠𝑖𝑛4𝑥̅) +

4𝑤∗

√2ℎ0
∗ {−

3

2
−

1

8
𝑐𝑜𝑠2𝑥̅ −

1

32
𝑐𝑜𝑠4𝑥̅ +

𝑡𝑎𝑛𝑥𝑎̅̅ ̅ (
3

8
+

1

4
𝑠𝑖𝑛2𝑥̅ +

1

32
𝑠𝑖𝑛4𝑥̅)} +

𝜋

16
(1 − 3𝑡𝑎𝑛2𝑥𝑎̅̅ ̅ +

12𝑤∗

√2ℎ0
∗ 𝑡𝑎𝑛𝑥𝑎̅̅ ̅) (16) 

Clearly, the pressure distribution in equation (16) is dependent on the position 𝑥𝑎̅̅ ̅ . This position may 

be determined by the boundary condition: 𝑝∗ = 0  𝑎𝑡 𝑥̅ =
𝜋

2
 (full Sommerfeld condition). However, this 

condition leads to the erroneous zero load carrying capacity. Therefore, the following boundary 

condition for lubricant film rupture at the exit from the contact can be used, using the Swift [42] - 

Stieber [43] boundary conditions, where −𝑥𝑎̅̅ ̅ is replaced by 𝑥𝑒̅̅ ̅  in equation (16): 

𝑝∗ =
𝑑𝑝∗

𝑑𝑥̅
= 0  𝑎𝑡 𝑥̅ = 𝑥𝑒̅̅ ̅  (17) 

Applying the above oil film rupture position to equation (16) yields a non-linear equation which enables 

the determination of 𝑥𝑒̅̅ ̅ for any given value of squeeze-roll kinematic speed ratio, 𝑤∗, and the minimum 

dimensionless separation, ℎ0
∗  , using numerical successive substitution technique: 

1

8
𝑥𝑒̅̅ ̅ −

1

32
𝑠𝑖𝑛4𝑥𝑒̅̅ ̅ − 𝑡𝑎𝑛2𝑥𝑒̅̅ ̅ (

3

8
𝑥𝑒̅̅ ̅ +

1

4
𝑠𝑖𝑛2𝑥𝑒̅̅ ̅ +

1

32
𝑠𝑖𝑛4𝑥𝑒̅̅ ̅) +

4𝑤∗

√2ℎ0
∗ {−

3

2
−

1

8
𝑐𝑜𝑠2𝑥𝑒̅̅ ̅ −

1

32
𝑐𝑜𝑠4𝑥𝑒̅̅ ̅ +

𝑡𝑎𝑛𝑥𝑒̅̅ ̅ (
3

8
𝑥𝑒̅̅ ̅ +

1

4
𝑠𝑖𝑛2𝑥𝑒̅̅ ̅ +

1

32
𝑠𝑖𝑛4𝑥𝑒̅̅ ̅)} +

𝜋

16
(1 − 3𝑡𝑎𝑛2𝑥𝑒̅̅ ̅ +

12𝑤∗

√2ℎ0
∗ 𝑡𝑎𝑛𝑥𝑒̅̅ ̅) = 0 (18) 

With increasing 𝑤∗ the position of maximum pressure 𝑥̅ = −𝑥𝑎 ̅̅ ̅̅ → 0 (position of pure squeeze, 𝑤∗ →

∞), whereas for the position of film rupture: 𝑥𝑒̅̅ ̅ →
𝜋

2
 (full Sommerfeld exit boundary). However, for 
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most hydrodynamic conjunctions:  𝑤∗ < −10−3, where negative values of 𝑤∗ indicate normal approach 

of surfaces (figure 3). 

 

Figure 3: Dimensionless iso-viscous pressure distribution (combined Reynolds rolling condition and 

squeeze effect) 

 

It can be seen that with normally approaching surfaces (𝑤∗ < 0), the load carrying capacity (area under 

the pressure distribution) is increased from the case of pure rolling (𝑤∗ = 0 ) for the same minimum 

separation, ℎ0
∗ . For the cases where 𝑤∗ > 0, the surfaces are in a state of separation. This leads to 

reduced pressures and, therefore, decreased load carrying capacity.  

The generated contact load per unit length can be obtained as: 

𝑊

𝑙
= ∫ 𝑝𝑑𝑥

𝑥𝑒

𝑥𝑖
  (19) 

where the inlet location, 𝑥𝑖 = −∞ (or 𝑥𝑖̅ = −
𝜋

2
 ) for a fully flooded (drowned) inlet, and the exit 

position 𝑥𝑒  (𝑥𝑒̅̅ ̅ ) is obtained by the solution of equation (18). Putting equation (19) in dimensionless 

form, using expressions in (12) and (13), substituting for 𝑝∗ and noting that:  

𝑊̅ =
𝑊ℎ0

12𝑙𝑢0𝑅
 (20) 

yields: 

𝑊̅ =
1

6
[𝑐𝑜𝑠𝑥̅]

−
𝜋

2

𝑥𝑒̅̅̅̅
−

𝑤∗

4√2ℎ0
∗

[𝑥̅]
−

𝜋

2

𝑥𝑒̅̅̅̅
 (21) 
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For pure rolling, 𝑤∗ = 0 and with Swift [42]- Stieber [43] film rupture exit boundary condition (from 

equation (18): 

𝑥𝑒̅̅ ̅ = 𝑡𝑎𝑛−1(0.475129) (22) 

Thus, for steady-state condition (no squeeze film effect, and 𝑢 = 𝑐𝑜𝑛𝑠𝑡), the contact reaction becomes: 

𝑊 =
2.8𝑙𝑢0𝑅

ℎ0
  (23) 

Squeeze film effect takes into account transient conditions affecting any variations in the gap (lubricant 

film thickness): 𝑤 =
𝑑ℎ0

𝑑𝑡
= ℎ0̇ .  As already noted, 𝑥𝑒̅̅ ̅ alters according to the extent of squeeze. 

Therefore, the generated lubricant reaction under combined rolling and squeeze film motion becomes: 

𝑊 =
2.8𝑙𝑢0𝑅

ℎ0
−

3𝑙0𝑅
3

2⁄ ℎ0̇

√2 ℎ0

3
2⁄

(𝑥𝑒̅̅ ̅ +
𝜋

2
) (24) 

3.2- Iso-viscous lubricant:  Stiffness and damping characteristics 

Stiffness and damping characteristics of lubricated contacts can be obtained as: 

𝑘 =
𝜕𝑊

𝜕ℎ0
   𝑎𝑛𝑑  𝑐 =

𝜕𝑊

𝜕ℎ0̇
  (25)  

Under steady-state condition (pure rolling: pure lubricant entraining motion), using equation (23): 

𝑘 = −
2.8𝑙𝑢0𝑅

ℎ𝑜
2   and 𝑐 = 0  (26) 

This indicates that thinner films have a higher stiffness and an increased load carrying capacity.  

The situation is more complex with squeeze film motion, which also contributes to the film stiffness as 

well as to conjunctional damping. Furthermore, it is not possible to separate these dynamic 

characteristics (stiffness and damping). Using equation (24): 

𝑘 =
9√2𝑙0𝑅

3
2⁄ ℎ0̇(𝑥𝑒̅̅̅̅ +

𝜋

2
)

4ℎ0

1
2⁄

−
2.8𝑙𝑢0𝑅

ℎ𝑜
2  (27) 

𝑐 =
3𝑙0𝑅

3
2⁄

√2 ℎ0

3
2⁄

(𝑥𝑒̅̅ ̅ +
𝜋

2
) (28) 

Lubricant stiffness is enhanced by the squeeze film effect, ℎ0̇ < 0 (equation (27)), and reduced by 

separation of surfaces, denoted by ℎ0̇ > 0. With squeeze film motion, there is fluid film damping 

(equation (28)) as a function of  𝑥𝑒̅̅ ̅  which increases with  ℎ0̇ < 0 . For pure squeeze, damping 

contribution attains its maximum value, where 𝑥𝑒̅̅ ̅ can be replaced by 
𝜋

2
 .   
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Figures 4(a) and 4(b) show the stiffness and damping characteristics for the conditions in Figure 3. It 

can be seen that the contact stiffness increases with a reducing film thickness. Furthermore, as 𝑤∗ 

increases negatively (increased squeeze: normally approaching surfaces), the contact stiffness increases 

as the load carrying capacity is enhanced (figure 4(a)). Conversely, with increasingly positive values of  

𝑤∗ (contact separation), the contact stiffness is reduced. Interestingly, with thicker films the effect of 

squeeze film action diminishes as the stiffness becomes mainly due to pure rolling action.  Similar 

characteristics are also noted for the case of contact viscous damping (figure 4(b)).    

 

Figure 4(a): Variation of stiffness characteristics with increased film thickness and squeeze-roll speed 

ratio 
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Figure 4(b): Variation of viscous damping with film thickness and squeeze-roll speed ratio 

Iso-viscous rigid regime of lubrication occurs in light-to-medium loaded contacts where the generated 

pressures are insufficient to invoke the piezo-viscous action of the lubricant. A large range of lubrication 

problems arise where piezo-viscous rigid conditions occur. 

3.3- Piezo-viscous condition: Pressure distribution and load carrying capacity 

Lubricant viscosity increases with pressure. The rise in viscosity can be obtained using Barus law [44]: 

 = 
0

𝑒𝛼𝑞 (29) 

where 𝛼 is the piezo-viscosity of the lubricant. Replacing for  from equation (26) in the pressure 

gradient:  

 𝑒−𝛼𝑞 𝜕𝑞

𝜕𝑥
= 6𝑢

ℎ−ℎ𝑎

ℎ3 =
𝜕𝑝

𝜕𝑥
 (30) 

A relationship between 𝑞 and 𝑝 can be obtained by integrating the left-hand side of equation (30), 

yielding the term: −
1

𝛼
𝑒−𝛼𝑞 + 𝐶.  The constant of integration 𝐶 is obtained such that as 𝑞 → 0, the entire 

term diminishes. Thus:  𝐶 =
1

𝛼
.  Now replacing the left-hand side term into equation (30) yields: 

𝑞 = −
1

𝛼
𝑙𝑛(1 − 𝛼𝑝) (31) 
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Clearly, iso-viscous pressures that satisfy the mathematical restrictions:  𝛼𝑝 < 1 yield feasible results, 

from which piezo-viscous pressures, 𝑞, can be obtained using equation (31). This restriction effectively 

introduces a limiting lubricant film thickness below which pressures, 𝑞, are deemed as excessive 

(exceeding hydrodynamic lubrication). Figure 4 shows the results for various squeeze-roll speed ratios, 

𝑤∗, with a minimum dimensionless film thickness of  ℎ0
∗ = 70x10−6 and dimensionless speed 

parameter, 𝑢∗ =
𝑢0𝛼

𝑅
= 0.9𝑥10−6. They correspond to the iso-viscous results shown in figure 3. 

 

Figure 5: Actual piezo-viscous pressure distribution (combined Reynolds condition and squeeze film 

effect) 

 

Similar results are obtained for various combinations of ℎ0
∗  , 𝑢∗ and 𝑤∗ through the determination of 𝑞 

and contact load from equation (19) (where 𝑝 is replaced by 𝑞). Using regression analysis of all the 

numerical results, a relationship for minimum lubricant film thickness is obtained as: 

ℎ0
∗ = 0.787𝑢∗0.7

𝑊̅−0.4𝑒−281.2𝑤∗
 (32) 

To date, this is the only piezo-viscous hydrodynamic rigid line contact film thickness equation for 

transient combined entraining and squeeze film motions.  

A number of noteworthy observations can be made. The inverse proportionality of film thickness with 

contact load (ℎ0 ∝ 𝑊−1, see equation (23)) under iso-viscous condition is replaced by ℎ0 ∝ 𝑊−0.4. 

This indicates an increased contact stiffness, 𝑘 (equation (22)). The lubricant film has begun to become 

less sensitive to the applied load. In fact, the exponent of 𝑊̅ reduces further with conditions pertaining 

to piezo-viscous elastic (i.e. elastohydrodynamics: EHD) as shown by the very first equation obtained 

by Grubin [45]: 
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ℎ0
∗ = 2.076𝑢∗0.72

𝑊̅−0.091 (33) 

The lubricant stiffness increases so dramatically that it becomes almost insensitive to load (ℎ0 ∝

𝑊̅−0.091). The lubricant is said to have become an amorphous solid. 

4- Light-to-medium loaded rattle of loose gear pairs  

Returning to the equation of motion (1) for a pair of impacting loose gear teeth, it is clear that the 

lubricant reaction, 𝑊(𝑡), depends on the magnitude of applied load, 𝐹(𝑡). When this impact load is 

insufficient to promote piezo-viscous action of the lubricant, transient iso-viscous hydrodynamics 

occur. Such conditions take place at low loads with low engine torque, representative of vehicle idling 

condition.  The impact force is oscillatory, owing to the resident vibration on the transmission input 

shaft because of engine order vibrations [46]: 

 𝐹(𝑡) = 𝑄 + 𝐹0𝑐𝑜𝑠2𝜋𝑓𝑒𝑥𝑐𝑡            (34) 

where 𝑄 is the steady state applied load with a superimposed oscillatory force at the excitation frequency 

of 𝑓𝑒𝑥𝑐 . The excitation frequency comprises vibrations resident on the engine crankshaft (transmitted 

to the transmission input shaft, see figure 1). These comprise imbalanced inertial dynamics spectrum of 

the piston-connecting rod- crankshaft system vibration  superimposed on the signature of the 

combustion process itself [46]. For simplicity, only the fundamental excitation frequency of the spectral 

response is taken into account in the current analysis. The oscillatory nature of the impact force of loose 

gears is the major underlying cause of transmission rattle.  The problem of oscillatory transmitted 

impact force is not only confined to the ICE powertrain systems.  Hybrid powertrains and fully electric 

axles also suffer from this phenomenon [47-50].     

As a pair of gears are engaged and subjected to medium contact loads, the nature of gear rattle alters 

with somewhat reduced vibration because of the piezo-viscous action of the lubricant. This form of 

rattle is termed creep rattle. Owing to higher engine noise at the onset of vehicle launch, creep rattle is 

less discernible than the idle rattle.  In fact, some degree of rattle exists in all drive conditions, even 

under heavily loaded gear pairs where the condition is termed drive rattle [7, 8]. Therefore, rattle exists 

under various regimes of lubrication, from iso-viscous rigid through to elastohydrodynamics, as 

investigated and shown by De la Cruz et al [7]. It is clear that the lubricant plays a significant role in all 

the variants of rattle phenomenon. In the automotive industry an issue of interest has always been the 

determination of an acceptable threshold for transmission idle and creep rattles (i.e. at low to medium 

oscillating contact loads). A fundamental study of lubricant behaviour under such conditions is long 

overdue and is, therefore, one of the main contributions of the current study. 

4.1- Idle gear rattle under iso-viscous contact condition 
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Referring back to the equation of motion (1), the oscillatory contact force: 𝐹 = 𝑄 + 𝐹0𝑐𝑜𝑠2𝜋𝑓𝑒𝑥𝑐𝑡 is 

used together with equation (24) for transmission system in idle condition. The equation of motion 

becomes:    

𝑧̈(𝑖, 𝑗) =
1

𝑚
{

2.8𝑙𝑢0𝑅

ℎ0+𝑧(𝑖,𝑗)
−

3𝜋𝑙0𝑅
3

2⁄  𝑧̇(𝑖.𝑗)

√2(ℎ0+𝑧(𝑖,𝑗))
3

2⁄
− 𝑄 − 𝐹0𝑐𝑜𝑠2𝜋𝑓𝑒𝑥𝑐𝑡} − 𝑔 (35) 

The movement of the roller centre, z, is transmitted directly to the surface of the lubricant film as under 

hydrodynamic conditions the roller surface remains rigid (see section 2). Therefore, a solution to system 

dynamics may be obtained in terms of the ripple oscillations of the lubricant film surface, 𝑧(𝑡).  

The counter 𝑖 denotes the time step of simulation and 𝑗 is the iteration counter within each step of 

integration time. The following convergence criterion should be met:  

|𝑧(𝑖, 𝑗) − 𝑧(𝑖, 𝑗 − 1)| < 𝜀 (36) 

where 𝜀 is the error tolerance, usually in the range 10−8 − 10−7m.  

The solution is obtained by adopting Newmark’s average acceleration method [51], as highlighted in 

[52]. At the outset of simulation, pure rolling condition is assumed at a steady film thickness of ℎ0 (𝑧0 =

𝑧0̇ = 0, 𝑡 = 0).  

Typical conditions pertaining to idle rattle condition are used in the case study. Figure 6 shows the 

oscillatory applied force with a forcing frequency of 𝑓𝑒𝑥𝑐 = 600 𝐻𝑧 (FFT of the applied force is shown 

in figure 7). The equivalent mass of a gear impacting its conjugate pair is 𝑚 = 3 𝑘𝑔 with the lubricant 

dynamic viscosity of 
0

= 0.3 𝑃𝑎𝑠. The variation in the lubricant film thickness, ℎ0 + 𝑧(𝑖, 𝑗), is also 

shown in figure 6.  
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Figure 6: Film thickness variation under oscillatory applied forcing 

 

Figure 7: Spectrum of vibration of input forcing function 

A clearer picture emerges when the time history of lubricant surface ripple acceleration, 𝑧̈(𝑖, 𝑗), is 

studied (see figure 8). This shows an oscillatory response with each cycle of oscillations, preceded by 

many low amplitude lubricant surface reversals. These provide strong evidence of rattling gear pairs 

under idle rattle, noted by various authors [1-6, 8]. They occur as the result of poor lubricant film load 

carrying capacity under iso-viscous conditions and are a sign of dynamic instability.       
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Figure 8: Time history of lubricant surface ripple acceleration under iso-viscous idle rattle 

 

4.2- Creep rattle of a gear pair under piezo-viscous contact condition 

Transmission creep rattle occurs at vehicle take-off (launch) in an engaged (selected) gear pair [8]. The 

rattle condition is initially at medium load with piezo-viscous lubricant behaviour, where the lubricant 

reaction is obtained by inverting equation (32), thus:  

𝑧̈(𝑖, 𝑗) =
1

𝑚
{

6.6(𝑢0)
11

4⁄
(𝑅𝛼)

7
4⁄

(ℎ0+𝑧(𝑖,𝑗))
7

2⁄
𝑒

(
703𝑧̇(𝑖,𝑗)

𝑢
)

− 𝑄 − 𝐹0𝑐𝑜𝑠2𝜋𝑓𝑒𝑥𝑐𝑡} − 𝑔 (37) 

Step-by-step iterative solution of the equation of motion is obtained using Newmark’s average 

acceleration method.  

Figure 9 shows the time history of lubricant film surface ripple acceleration under the same loading 

condition as that under iso-viscous behaviour (figure 8). There is an absence of repetitive reversals 

owing to the increased load carrying capacity (lubricant reaction) that results from the piezo-viscous 

action of the lubricant.    
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Figure 9: Time history of lubricant surface ripple acceleration under piezo-viscous creep rattle 

 

Figures 10(a) and 10(b) show the spectrum of vibration of lubricant surface oscillations under iso-

viscous (figure 8) and piezo-viscous (figure 9) responses. The horizontal axis provides the ratio 
𝑓

𝑓𝑒𝑥𝑐
 . 

Figure 10(a) shows that iso-viscous lubricant behaviour occurs at the forcing frequency and at a host of 

its higher harmonics. The existence of these higher harmonics is a clear sign of instability and low load 

carrying capacity. In contrast, figure 10(b) shows much reduced spectral content, with a response at the 

forcing frequency and a main contribution at 𝑓 ≈ 2.5𝑓𝑒𝑥𝑐  which is the lightly damped natural frequency 

of the piezo-viscous lubricated contact. There are also smaller spectral contributions as the result of 

modulations between 𝑓 and 𝑓𝑒𝑥𝑐. This is a much more stable response than that in figure 10(a).  
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Figure 10: Spectrum of vibration of rattle response; (a) with iso-viscous lubricant behaviour; (b) with 

piezo-viscous lubricant action 

 

5- Conclusions 

The paper investigates the role of lubricant in the transient impact of loose gear teeth pairs under light 

to medium oscillatory loads, pertaining to gear rattle. Analytical solutions of Reynolds equation for 

non-conforming line contact of cylindrical pairs subjected to combined rolling and squeeze film 

motions are obtained. Cases of iso-viscous, as well as piezo-viscous, hydrodynamic lubricant behaviour 

are considered. These conditions correspond to low to medium loaded rigid body contacts. Lubricant 

reaction under these conditions is obtained through direct analytical derivation in the case of iso-viscous 

hydrodynamics [28] and through regression of results for piezo-viscous lubricant action. In the latter 

case, the lubricant film thickness equation is the first extrapolated equation reported for piezo-viscous 

hydrodynamic behaviour under transient counterformal line contacts (including the effect of squeeze 

film action and contact separation).  

The non-linear integrated nature of lubricant stiffness and damping characteristics is demonstrated. 

These characteristics show enhanced potency with squeeze film action, indicating improved contact 
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load carrying capacity with squeeze film effect. This finding has been noted by other researchers but 

has not hitherto been clearly demonstrated in a fundamental manner as presented here. 

The case of gear rattle is the most pertinent application of low to medium transient hydrodynamic action. 

Rattle has been and remains a main source of concern for all gearing systems, not least in the automotive 

industry as it is often seen as an indication of poor build quality. Using the developed methodology, 

cases of transmission rattle under low load (idle gear rattle), and under medium load at the onset of 

vehicle launch (creep rattle), are fundamentally investigated by tribodynamic solution of gear teeth pair 

interactions. It is shown that isothermal iso-viscous hydrodynamic lubricant behaviour is the underlying 

cause of idle gear rattle, where unstable transient lubricant behaviour occurs due to its poor load carrying 

capacity with many lubricant surface oscillatory reversals.  More stable piezo-viscous lubricant 

behaviour is the underlying cause of creep rattle response. Although significant attention has been paid 

to the rattle response of gearing systems previously, the underlying behaviour of the lubricant has 

remained fundamentally unexplained prior to the current analyses.         
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Nomenclature 

Roman Symbols: 

𝑐  Damping constant 

E  Young’s modulus of elasticity 

f   Response frequency 

𝑓𝑒𝑥𝑐  Frequency of excitation 

𝐹0  Magnitude of applied oscillatory impact force 

g  Gravitational acceleration 

ℎ  Film thickness 
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ℎ0  Minimum film thickness 

ℎ𝑎  Film thickness at maximum pressure  

𝑘  Lubricant contact stiffness 

𝑙  Contact length 

m  Equivalent mass  

𝑝  Iso-viscous Pressure (reduced pressure) 

𝑝0  Maximum pressure 

𝑞  Piezo-viscous pressure 

Q  Steady state applied force 

𝑅  Radius of an equivalent ellipsoidal solid near a semi-infinite half-space   

𝑟1.2  Radii of right circular cylinders at their contact 

𝑡  Time 

𝑢  Speed of entraining motion  

𝑢1,2  Surface speed of contacting surfaces 

𝑊  Contact load  

𝑤  Squeeze velocity  

𝑤1,2  Velocity of normal approach of contacting surfaces 

𝑥  Direction of entraining motion 

−𝑥𝑎  Position of maximum pressure 

𝑥𝑒  Position of lubricant film rupture 

z   Displacement in the direction of normal approach and separation 

𝑧̇  Squeeze film/ normal lubricant surface speed 

𝑧̈   Acceleration of normal approach and separation  

 

Greek Symbols: 
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𝛼  Pressure-viscosity coefficient 

𝛿  Elastic deflection 

𝜀  Error tolerance in convergence criterion  

              Dynamic viscosity 


0
  Atmospheric dynamic viscosity  

𝜗  Poisson’s ratio       

 

Non-dimensional variables 

𝑝∗  Dimensionless pressure 

𝑢∗  Dimensionless speed parameter 

𝑊̅  Dimensionless load parameter 

𝑤∗  Squeeze-roll speed ratio 

𝑥̅  Dimensionless distance  
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