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litude, slider width, slider radius of curvature, viscosity, oscillation frequency, and applied
load have been varied over a wide range. This data has enabled the derivation of useful ap-
proximate equations for both the maximum OFT in the contact and the minimum OFT (and
its angular position). Knowledge of these three parameters enables fast, reliable predictions
of the OFT variation across the entire reciprocating cycle. These results should be useful to
users (and manufacturers) of reciprocating tribology test rigs and to those researchers inter-
ested in piston ring lubrication.

1. Introduction

Reciprocating contacts are ubiquitous within tribology. For
internal combustion engines, piston rings are reciprocating line
contacts that are predominantly lubricated hydrodynamically. In
addition, the valve trains in engines are elastohydrodynamic re-
ciprocating line contacts. Separately, rolling element bearings of-
ten undergo oscillatory motion and are reciprocating elast-
ohydrodynamic point contacts. In addition, many reciprocating
testrigs (e.g,, the TE 77 [1], the High Frequency Reciprocating Rig
(HFRR) [2], Optimol SRV systems [3], and other similar systems
from manufacturers such as Bruker Corporation [4] and Rtec In-
struments [5]) are used for friction and wear testing within the
tribological community.

Useful equations have been proposed to predict the oil film
thickness (OFT) inreciprocating contacts. For example, Fur-
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uhama and Sasaki [6] has reported that the OFT for a piston ring
contact varies in proportion to v/nU/W, where 7 is lubricant vis-
cosity (Pa:s), U is the relative sliding speed (m/s) of the piston
ring with respect to the liner, and W is the load per unit length
(N/m) acting on the back of the piston ring.

McGeehan [7] reviewed various equations that purported to
predict the minimum OFT in parabolic lubricated line contacts
and concluded that the minimum OFT varied according to
(nU/W)", where x takes values between 1/3 and 2/3 according to
different researchers.

For elastohydrodynamic lubrication, there are well-known
equations [8] that are widely used for predicting the minimum
and central OFT in a contact. These equations generally use di-
mensionless quantities, and the appropriate quantity relating to
motion contains a term of the form (nU)"”.

Therefore, whether lubrication is hydrodynamic or elast-
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ohydrodynamic, the simple expressions above, commonly used
by tribologists, would predict zero OFT at the reversal points of
reciprocating contacts (since the relative sliding speed of the sur-
faces, U, is zero there).

However, it is known that the OFT at reversal positions, al-
though small, is definitely not zero. This is because the Reynolds’
equation [9] includes a term known as the “squeeze” effect. This
term allows for pressure generation within the lubricant in the
contact when surfaces move normally to each other. Since, in re-
ciprocating contacts, the speed varies from high (at mid-stroke)
to zero (at the reversal positions), there is both sliding and nor-
mal motion of the contacting surfaces, and it is the “squeeze” ef-
fect that is responsible for the non-zero OFT at reversal posi-
tions [10-19]. Somewhat surprisingly, despite the enormous in-
terest in reciprocating motion within the tribological community,
there are no widely used equations available to tribologists to en-
able estimation of the minimum OFT in reciprocating hydro-
dynamically lubricated contacts. The purpose of this work is to
report such an equation.

A robust, fast numerical solver (written in Python), which in-
cludes “squeeze” effects, has been developed for a simple recip-
rocating hydrodynamic contact (which assumes a symmetric
parabolic slider), and the OFT has been predicted over the full re-
ciprocating cycle and compared to similar calculations that do
not include “squeeze” effects. The variation of the minimum OFT
with key parameters (such as amplitude and frequency of oscilla-
tion, the width of the slider and its radius of curvature, viscosity,
and load per unit length acting on the slider) has been explored,
and an equation is proposed that will be of use to tribologists
wishing to estimate the minimum OFT in such contacts. Since the
oil films are expected to be small close to reversal points, the de-
tailed value of the minimum OFT is key to accurately defining the
lambda ratio (the ratio of film thickness to surface roughness),
which is important for estimating friction and wear around these
positions.

The squeeze lubrication problem for contacts moving nor-
mally, without any sliding, is considered in many elementary tri-
bology textbooks [9]. In this situation, the aim is usually to calcu-
late the time taken for an oil film trapped between two loaded
surfaces to decay from one value to a lower one. There is no slid-
ing, so the “wedge” term in Reynolds’ equation is not present,
just the “squeeze” term.

“Squeeze” effects for contacts with both normal and sliding
motion have primarily been studied for their application to pis-
ton ring tribology. Many numerical studies have included
“squeeze” effects [10-20], and it has been found that the inclu-
sion of the “squeeze” results in a non-zero OFT close to reversal
positions. Most of these “squeeze” studies assumed fully flooded
contacts, although some authors have carried out starved analys-
is [13,18,19]. There have also been useful reviews of piston ring
lubrication, in which “squeeze” effects have been discussed
[7,21,22], and useful equations proposed for mid-stroke OFT.

In addition, experimental work has been undertaken to in-
vestigate the OFT in piston rings close to dead center positions
[22-27]. Clearly, the piston ring lubrication problem is quite
complex, since (1) the load acting on the ring varies across the
cycle (due to the changing combustion pressure in the engine),
(2) the viscosity also varies across the cycle (due to a temperat-
ure gradient on the liner, from lower temperatures at bottom
dead centre (BDC), to higher temperatures at top dead centre
(TDC)), (3) the motion of the piston is not a simple sinusoid since
the crankshaft links to a con-rod (to convert the rotational mo-
tion of the crankshaft to linear motion of the piston), and (4) the
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top piston ring is usually starved of lubricant, due to the scrap-
ing action of the oil control and second ring.

As well as the work referenced above on hydrodynamic re-
ciprocating contacts, it is also worth mentioning that both experi-
mental and theoretical work has been reported for reciprocating
elastohydrodynamic contacts [28-34].

In this paper, however, a much simpler reciprocating line
contact is considered, in which the motion is purely sinusoidal,
the viscosity and load are constant across the cycle, and it is also
assumed that the contacting surfaces are smooth and that the
contact is fully flooded with lubricant. It is realized that in prac-
tical systems, starvation may occur, but a review of the pub-
lished literature suggests that starvation is most likely to affect
the OFT at mid-stroke positions, where the maximum OFT oc-
curs, and since the main focus of the current paper is on the min-
imum OFT, starvation effects are expected to be less important
there. However, it is intended to consider starvation effects in a
future publication.

Many numerical simulations have been carried out, and use-
ful equations have been derived that allow tribologists to estim-
ate both the minimum OFT in the contact and its position without
the need to run complex computer programs. Potential applica-
tions of the equations are also reported for tribological reciproc-
ating test rigs.

2. Analytical method

It is assumed that the position of the center of the slider
(with respect to the flat surface), X, varies according to:

X =Asinwt, )
where A is the amplitude (m), w is the rotational frequency
(rad/s), and t is time (s). If f is the frequency of oscillation (s™),
then w = 2nf.

It is useful to define an angle, 8, which is equal to wt. If
“squeeze term” effects are ignored, it would be expected that the
OFT would be zero when 6 = +(2N - 1)t/2, where N is an integer,
since at these positions, the sliding speed would be zero.

It is assumed that the slider is symmetric, with width b and a
parabolic profile h(x).

h x

(%) = hppin + 27 )
where h(x) is the height of the contact at position x (m), and h;,
is the minimum OFT, which occurs when x = 0 (m). The edges of
the slider will be at +b/2.

The slider moves against a flat surface, with arelative speed U:

U= wAcos wt. 3)

The pressure at the inlet to the contact is assumed to be P;,
and that at the outlet is P, (both pressures are in units of Pa). The
pressure on the back of the contact is assumed to be Py,, and
the load per unit length acting on the contact is Py, b.

A simple separation boundary condition is assumed [35],
whereby dP/dx is assumed to be zero at a position x,, and the
pressure at x, (and for positions greater than x,) is equal to P,.

The situation above is illustrated in Figure 1.1t is also as-
sumed throughout the paper that the contact is fully flooded, that
lubricant viscosity does not vary with shear rate, and that the
surfaces are flat (zero roughness).

The 1D Reynolds’ equation can be written as
d ( h? 8P> Udh dh

oax\izgax) " 2ox T950 “)
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—A X X, U A

Figure 1 Schematic of reciprocating line contact. The load per unit
length acting downwards, F, is equal to Py,q:b, where Py, is the pres-
sure on the rear of the slider, and b is the width of the slider.

where h(x) is the variation of contact film thickness with position
x, P(x) is the pressure at that point, 1 is lubricant viscosity (Pa-s),
U is the relative sliding speed of the surfaces (m/s), and w is the
angular speed of oscillation (s™).

The challenge then is to solve the above equation, subject to
appropriate pressure boundary conditions and the load-balance
constraint, to find the unknown values (dh/df and x,) for each
value of 6, as 0 varies from 0° to 360° for the full reciprocating
contact.

Examination of Eq. (4) suggests that the “wedge term” (the
first term on the right-hand side of Eq. (4)) will depend on the
parameter nU, as discussed earlier, whereas in contrast, the “squ-
eeze term” (the second term on the right-hand side of Eq. (4)) will
depend just on nw.

A detailed analysis finds that there are two non-linear equa-
tions that require solving. In the case where “squeeze” effects are
neglected, the relevant two equations are:

X2

¢ ds ds
P2:P1+6T7U 2+12)7C1 73, (5)

| a | a

Xy b
IP(X)'dXJFPz (ZXZ)—Pback'b7 (6)
“b/2
with:
Uh (x.

¢ =) ™)

When “squeeze” effects are accounted for, the relevant equa-
tions are:

Tt ds Tt ds
5:41+6nUJ"5474+nn61f s
—b/2 (S> ~b/2 (S)

®)

Xz b
fpayw+m(2
—b/2

XZ) :Pback'b7 (9)

where the constant of integration, C;, which appears in Eq. (8), is
given by

Uh (x,) dh
> —xsz. (10)

When “squeeze” effects are neglected, the two unknowns
that need to be solved for are h,;, and x,. However, when

61:7

20 | Tribol. Adv. | 2026 | Volume 1 | Issue 1

Tribology Advances

page 20 of 29

“squeeze” effects are included, the two unknowns that are to be
solved for are dh/d6 and the outlet position, x,.

A complication that can arise when “squeeze” effects are in-
cluded is that around the reversal positions, it is possible that the
oil film covers the entire surface of the slider [17,19], so that
X1 = -b/2 and x, = +b/2. When this occurs, there is just one un-
known, dh/d#6, and in this case, only Eq. (9) requires solving, and
in addition, for this case, C; is given by the equation below:

b/2 b/2
ds dh s-ds
P,—P—6nU | — —12nw— —
e izh(s)z 46 ) nsy
C = . . (1D
s ds
12n 3
f/ h(s)

If the minimum OFT at angle 8 is h,;, then the minimum
OFT at angle (6 + A6) can be calculated from:

dh
hmin.Hl - hmin,i + (dG) ‘Ae (12)

The two non-linear equations are solved using Python’s
fsolve function. The Python function fsolve is a wrapper for the
hybrid Powell root-finding method that has been implemented in
the FORTRAN 90 library MINPACK [36]. The algorithm can be
sped up greatly if the values for dh/d6 and x, from the previous
step are used as inputs to the fsolve function at the next step. In
addition, the various integrals that appear in Eq. (5) can be evalu-
ated analytically (see Appendix A in Supplementary information),
which speeds up the calculations considerably.

For the “squeeze” simulations that are reported later, the Py-
thon program typically takes less than 10 s to solve two cycles
(720°) at 0.1° intervals (a total of 7,210 points) on a standard
desktop computer (such as a Windows 11 Desktop computer
with 16 GB of random access memory (RAM) and an Advanced
Micro Devices (AMD) Ryzen 5600X 6-core processor).

If, for any reason, there are convergence problems with the
numerical solver, these can usually be resolved by repeating the
simulation with a lower value for A8, and simulations have been
performed with A8 as low as 0.01°, although this results in run-
times of the order of 100-200 s.

3. Result

3.1. Presentation of data

An example set of data is shown in Figure 2, for the case
where A =5mm, f=30Hz, b=0.5mm,n =10 mPa:s,P; =0,P, =0,
and Py, = 2 bar (1 bar = 10° Pa = 0.1 MPa), and the slider radius
of curvature (r) is assumed to be 0.026 m. 0 is varied from 0° to
720°. For the simulations without “squeeze”, the starting angle is
-0.5° and A6 = 1°. For the simulations that included “squeeze” ef-
fects, the starting angle is —0.05° and A6 = 0.1°.

Often, in the literature, when “squeeze” effects are included,
the minimum OFT in such simulations is not plotted against 6,
but rather is plotted against position, or against angle (but the
angle is restricted to lie between -90° and +90°). In this case,
the same data as from Figure 2 is replotted against position
(Figure 3), and it is seen that the minimum OFT differs when the
slider moves in different directions. However, plotting the data in
such a way complicates the situation, in our view, for non-ex-
perts, and for most of the remainder of the paper, data will be
plotted in the same way as that in Figure 2, which makes clear
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Figure 2 Calculated OFT versus angle. Operating conditions are given in
the text. The simulation that includes “squeeze” effects is shown as the
red full line, whereas the simulation that neglects such effects is shown as
the black dotted line.
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Figure 3 This figure shows the same calculated data as in Figure 2, but
this time the OFT data is plotted against position, rather than angle.

how simple the impact of “squeeze” effects is, namely that the
minimum OFT occurs at an angle slightly greater than that of the
nearest reversal position, and that this minimum value is not
Zero.

3.2. Maximum oil film thickness data

The maximum OFT, h,,,,, is not expected to be impacted sig-
nificantly by the inclusion of “squeeze” effects, and so useful in-
sight into the variation of h,,, with the key variables (4, f, b, n,
Py.q0 and r) can be obtained using the Python program that does
not include “squeeze” effects.

A useful dimensionless variable, S, can be defined as

s wd (13)
Pbackb

Numerous simulations have been performed, in which the
various parameters (4, f, b, 1, Py,q, and r) are varied over a wide
range, and this data is available in the Supplementary Data file of
the Supplementary information.

As has been reported by other researchers [11,13,17], it has
been found, from the numerical simulations, that the maximum
OFT varies with the slider radius of curvature, and that there is
an optimum radius of curvature, r,, at which the maximum OFT
has its highest possible value (for a given set of 4, f, b, n, and
Pback)'

When r, / b was plotted against S on a log-log scale, it was
found that the data points from all the numerous simulations lay
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on a straight line, suggesting that there was a power law relation-
ship between r,/b and S. Excel’s Solver function was used to find
the best fit equation for this power law, and the resulting expres-
sion was found to be:
r, 0.405
— = (14)
b VS
In addition, it was found that when h,,,.(r)/hpna.(7,) was plot-
ted against r/r, (on a logarithmic scale), all the data lay on a com-
mon curve (Figure 4). The actual data points on which this figure
is based are available as Supplementary Data to this paper.
1.2
1.0
0.8

0.6

P (1) P (1)

0.4
0.2

0
0.01 0.1 1 10 100

rlr,

Figure 4 Graph showing how hy,,(r)/hnax(r,) varies with r/r,. The col-
oured dots are the results of the many numerical simulations in which 4,
b, n, f, and Py, were varied.

If the curve shown in Figure 4 is defined to be C,(r/r,),
then the value of h,,,.(r) can be related to h,,,(r,) by

N S Lt (13)

o

When the value of h,,,,(r,)/b was plotted against S, on a log-
log scale, it was also found that the data points lay on a straight
line, suggesting that a power law type relationship relates
hmax(r5)/b to S. Once again, Excel’s Solver function was used to
find the best fit power law equation to the data, which was:

hmax (7"0)
b
Therefore, using Egs. (15) and (16), it is found that:

Pnax (1) ) VS. (17)
b
Equation (17) is for the maximum OFT, which occurs at
angles of 0°, 180°, 360°, etc. For a general angle 6, when “squeeze”
films are ignored, the OFT, h(0), in the contact can be well ap-
proximated as

@ — 0.2524Cp, (:) V/S|cos 8. (18)

o

= 0.2524V/S. (16)

— 0.2524C,., (r
r,

o

In addition, by fitting a suitable curve to the data shown in
Figure 4, an approximate analytical expression for C,,..(r/r,) was
found and is given below:

r r r 2
Cmax (m) :1_A10g10 <r0> _B|:log10 (ro>:| . (19)

For r/r, <1, A =0, and B = 0.657, whilst for r/r, > 1, A =
0.092, and B = 0.186. Equation (19) provides a reasonable fit to
the data shown in Figure 4. This fit is valid for r/r, in the range
0.1 to 50.

Table 1 gives the values of C,,.(r/r,) for values of r/r, vary-
ing from 1/10 to 10. Intermediate values can be interpolated
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Table 1 Calculated values of C,,,,(r/r,) for r/r, varying from 1/10 to 10

r/ro Crnax(T/T5) r/To Conax(r/T5)
1/10 0.366 3/2 0.983
1/9 0.401 2 0.952
1/8 0.442 3 0.893
1/7 0.491 4 0.843
1/6 0.551 5 0.802
1/5 0.623 6 0.768
1/4 0.712 7 0.740
1/3 0.816 8 0.714
1/2 0.927 9 0.693
3/4 0.987 10 0.673
1 1 - -

from the data in Table 1.

Equation (17) is a significant improvement over previously
reported approximations [6,7], since it explicitly includes the im-
pact of the slider radius of curvature. In addition, it is believed
that it is the first time that an equation has been proposed to pre-
dict the optimum radius of curvature for a parabolic sliding line
contact (Eq. (14)).

As a specific example, consider the case where A = 5 mm,
n =10 mPa-s, f= 20 Hz, Py, = 2 bar, where the slider width, b, is
varied from 0.25 mm to 1.5 mm. Table 2 shows the calculated
value of r, (which is the slider radius of curvature, which will give
the highest film thickness at mid-stroke) and also the value of Ah
(the inlet height, which is equal to b*/8r, for a symmetric para-
bolic contact). Ah is simply the difference in height between the
center and edge of the parabolic slider.

Table 2 Calculated values of r, and Ah, for different slider widths, b (op-
erating conditions given in the text)

ro/m (Eq. (14))

Slider width/mm Ah = b*/(8r,)/um

0.25 0.009,0 0.87
0.5 0.025,6 1.22
0.75 0.046,9 1.50
1.0 0.072,3 1.73
1.25 0.101,0 1.93
1.5 0.132,8 2.12

The optimum radius of curvature, as shown in Table 1,
seems to correspond to an inlet height, Ah, of between approxim-
ately 1 and 2 micrometers, for these specific operating condi-
tions.

It should be emphasized, however, that the variation of max-
imum OFT with slider radius of curvature is quite a slowly vary-
ing function. Even if 1/3 < r/ry < 3, the maximum OFT, h,,(r),
is still greater than about 82% of hy,,(r,)

Figure 5 shows a comparison of numerical calculations of
OFT versus crank angle, compared to the simple Eq. (18), where
the numerical simulations were evaluated at 1° intervals, where-
as Eq. (18) was applied at 15° intervals. The operating conditions
for this comparison were: A =40 mm, b = 1,000 um, f= 50 Hz, n =
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r=0.005 m r=0.005, simple equation
r=0.036 m r=0.036, simple equation
r=0.2 m r=0.2, simple equation
3.0
2.5
=) 2.0
&
=15
=
o 1.0
0.5
0
0 90 180 270 360 450 540 630 720

Angle (°)

Figure 5 Comparison of the use of the simple equation (Eq. (18)) for es-
timation of OFT in reciprocating contact, compared to a full numerical
simulation, for different slider radii of curvature.

5 mPa:-s, and Py, = 5 bar, for r = 0.005, 0.036, and 0.2 m.
3.3. Minimum oil film thickness data

When “squeeze” effects are included, the minimum OFT in
the contact is no longer zero, and the position of the minimum is
shifted to a slightly greater angle compared to the closest re-
versal position. For example, for the data shown in Figure 2, the
minimum OFT is calculated (numerically) to be 0.485 pm, and the
position of the minimum is shifted to a position such as (90 + 4)°,
or (270 + 4)°, where 4 = 10.3°.

Experimental data [25-27] are available which suggest that
the minimum OFT increases with (1) viscosity, 1, and (2) angular
speed, w, while it decreases with (3) load. Data have also been re-
ported that suggest that the minimum OFT increases as the slider
radius of curvature increases (i.e., as the slider becomes “flatter”)
[17]. It is not clear how the amplitude of oscillation, 4, and the
slider width, b, impact the minimum OFT.

Many simulations have been performed using the Python
software (described in Sect. 3) that models hydrodynamic recip-
rocating lubrication, which includes the “squeeze film” effect, and
this data has been used to find approximate formulae for h;,
(and its variation with contact radius of curvature) and the posi-
tion, 4, at which the minimum OFT position occurs.

It was reported in Sect. 3.2 that the maximum OFT varied
with the slider radius of curvature (as shown in Figure 4). De-
tailed simulations have found that the minimum OFT is also sens-
itive to the slider radius of curvature. An example of this is
shown in Figure 6 below (for which the following values were
used in the simulation: A = 5 mm, b = 0.5 mm, n = 10.0 mPa:s,
Ppack = 2 bar, and f= 20 Hz). As expected, the maximum OFT pre-
dicted by the model that includes “squeeze” effects is essentially
the same as that for the model that neglects “squeeze” effects,
and this is because “squeeze” effects are not significant at the mid-
stroke positions of reciprocating contacts. It is also observed that
there is an optimum radius of curvature at which the minimum
OFT achieves its highest value, but that this optimum radius is
significantly larger than the radius of curvature that leads to the
highest maximum OFT. For the example shown in Figure 6, the
radius of curvature that gives the highest film thickness at mid-
stroke is approximately 0.025,5 m (corresponding to a Ah of
about 1.2 pm), whilst the radius of curvature that gives the
highest minimum OFT is approximately 0.1 m (corresponding to
a Ah of only about 0.3 pm).

Similar results to those shown in Figure 6 have been previ-
ously reported by Economou [13].
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Figure 6 Variation of h,, and h,,,, for “squeeze” simulations. Data from
simulations without “squeeze” effects are also shown for h.,, (black
dashed line).

Denote the optimum radius of curvature for hy,;, by ryq. If the
detailed variation of ry,/b is to take a similar form to that found
for r,/b (Eq. (14)), it has been found useful to introduce the di-
mensionless parameter Sor where Spis defined to be:

nw A
So= —. 20
¢ Pback \/; ( )

From a detailed analysis of the data from the set of numeric-
al simulations (which can be found in the Supplementary Data of
the Supplementary information), it was found that when r/b
was plotted against Sy, on a log-log scale, the various data points
lay on a straight line, suggesting a power law relationship
between ry,/b and Sy, and the best fit power law equation was
found to be:

0.82
LI @)

b \/STQ'

A graph can be plotted of hyiy(r)/hmin(r'sq) versus r/r, in a
similar way to that carried out for the maximum OFT (Figure 4),
and it has been found that data from many simulations, in which
Sols varied, fit onto a common curve, as shown in Figure 7.

1.2
1.0

0.8

Prio(1) P ()
o
)

0.05 0.5 5

1y

Figure 7 Graph showing hyiy(r)/hpin(rsq) versus r/ry, for many different
sets of operating conditions. The resulting curve is defined to be
Crnin(r/rsg)- The black line shows a third-order polynomial fit (in powers
of logyo(r/ryy)) to the data for 0.05 < r/ryy < 1.

A third-order polynomial fit to the data (Figure 7) provides a
reasonable fit, and the equation for this is:

2
r r r
o (m) i Bilos (m) B [Iog“’ (rqﬂ -
r 3
Bs|log, | — )| - (22)
Isq
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When the range is 0.05 < r/ryq < 1, the best fit to the data
in Figure 7 was found for: B, = 0.29, B, = 1.64, and B; = 0.69.
From Figure 7, it follows that:
r
P (1) = G ) o (). 23)
Fsq
Analysis of the data points from many numerical simula-
tions in which 4, b, n, w (w = 27f), and Py, have been varied has
found that when hy,,(rsq)/b was plotted against Sy, on a log-log
scale, the data points lay on a straight line, so that a power law
relationship relates hp,,(rsq)/b to Sy. The best fit power law equa-
tion was found to be:

7”““15“‘*) =0.22\/S,. (24)

Therefore, a general expression for h;,(r) is given by

h““#(r) — 0.22C,i (:) VSe. (25)

sq

Numerical investigations have shown that the angular posi-
tion at which the minimum film thickness occurs (which will be
at positions such as (90 + 4)° and (270 + 4)°) depends on the ra-
tio of the minimum and maximum OFT, h;,/hn. and also on the
ratio A/b. Figure 8 shows how 4 (°) varies with h;,/h,,., for dif-
ferent values of A/b.

35
30 A/b=10
A/b=40
25 A/b=200
~ 20
N 15
10
5
0
0 0.2 0.4 0.6 0.8 1.0

P/ P

‘min’ "*max

Figure 8 Graph showing how 4 (°) varies with h;,/hy.x for different
values of A/b.

Figure 9 shows the same data as in Figure 8, but now 4 is
plotted against (hyin/Rma)(b/A)" .

35
30 A/b=10
A/b=40
25 A/b=200
~ 20 Fit to data
N 15
10
5
0
0 0.1 0.2 03 0.4 0.5
(Prin/ Pina )(D/A)*

Figure 9 Graph showing how 4 (°) varies with (hyn/Amay)(b/A)*> for
different values of A/b. The black dashed line is a fit to the data, as de-
scribed in the paper.

From Figure 9, a relatively simple expression for 4 can be
obtained, where, in the equation below, z is defined to be
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(inin/ Pinax)(b/A)™: s 0il 7B (low load, experiment)
> Oil 7B (high load, experiment)
. — Oil 7B (low load, model, 55.8 mPa-s)
A=Az+AZ, (26) 8 — Oil 7B (high load, model, 55.8 mPa-s)
S - _ -- 0il 7B (low load, model, 39.1 mPa-s)
where the angle 4 isin degrees. A good fit to the data was ob = 0l 7B (high load, model, 39.1 mPa-s)

tained using A; = 35.0 and 4, = 51.1. This fit is shown as the dot-
ted line in Figure 9.

The astute reader may have realized that (hy;,/hmax)(b/A)
can be simplified (using Egs. (17) and (25)) to become:

r
(=) () ozt ;) N
fmax ) \ A 0.2524cmx<r) A

0.25

o

r
Cmin -
<r5q> b
087 | — 92 27)

Cmax <r> A '
ro

At first sight, from Eq. (27), it would appear that 4 just de-
pends onr, 4, and b, but in fact, the values of r, and ry; depend on
parameters 1, w, and Py, too.

It is also worth noting that Ay, /hmay depends on (b/A)*.
The implication of this result is that this ratio should get larger as
the amplitude of oscillation is reduced (provided the slider width
is constant).

4. Validation of the model

It is highly desirable to validate numerical models by com-
parison with experimental data. The models described above
(now written in Python) are similar, but substantially modified
and improved (for robustness and speed) versions of software
originally developed for predicting OFT and friction losses for
piston rings. As such, the models gave good agreement with both
experimentally measured OFT and friction losses for piston rings
[37,38]. However, for the piston ring application, the values of P;,
P,, Py.q0 and n varied substantially across the cycle, and in addi-
tion, the speed variation was not as simple as that described by
Eq. (3), since there is a crank slider arrangement (as discussed
later).

It is also worth noting that the equation for the maximum
OFT (Eg. (17)) is consistent with previously reported equations
by Furuhama and Sasaki [6] and McGeehan [7].

Numerous crank angle resolved OFT measurements, in a re-
ciprocating tribometer, have been reported by Dellis [25-27], for
different lubricants, operating at different temperatures, loads,
and speeds. It was found that over the range of conditions tested,
the minimum OFT was in the range 0.3 pm to 0.9 pm. In addition,
it was noted that the position of the minimum OFT was shifted to
“a few degrees of crank angle after the dead centers” [26].

Taking two specific examples, Figure 10 shows a comparis-
on of model results with experimental data from Dellis [26]. The
experimental data contained in the graphs of [26] were digitized,
and the digitized data are shown in Figure 10, whereas the mod-
el results are shown by the line. For the simulation in Figure 10,
the following data were used: A = 25 mm, b =5 mm, f=5Hz, r=
80 mm, n =55.8 mPa-s, with Py, = 1.94 bar (low load) and 5.65 bar
(high load). These loads correspond to a load per unit length of
971 and 2,823 N/m, respectively.

For the low load case, the maximum OFT appears to be over-
estimated by the model. This could be because the model as-
sumes Newtonian lubricants, whereas Oil 7B, the oil used in the
experiment, is a viscosity-modified lubricant (with a viscosity
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Figure 10 Comparison of OFT experimental data [26] (square and tri-
angle data points) with model (solid or dotted lines) for Oil 7B, at low and
high loads (971 and 2,823 N/m, respectively).

grade of SAE 0W-40), and so there will be temporary shear thin-
ning in the contact, which would mean the lubricant viscosity is
lower than that assumed in the model. The agreement between
the model and the experiment seems better for the high-load
case. For an SAE OW-40 lubricant grade, with the experiments
being carried out for a lubricant temperature of 40 °C (and shear
rates in the contact being greater than 10° s™), it is likely that the
actual lubricant viscosity in the contact is about 30% lower [39]
than the predicted Newtonian value (due to temporary shear
thinning) and so the numerical simulations were re-done using a
viscosity of 39.1 mPa-s. These results are also shown in Figure 10
as dotted lines. It is also worth noting that the fact that the max-
imum OFT is different during the cycle, for the experimental data,
is likely due to experimental artefacts (Dellis [26] stated that as
the load is only applied at one end of the stroke, it is thought the
load is not constant throughout the cycle, and so it is likely that at
one maximum, the load is lower than the average value, whilst at
the other maximum it is higher—clearly these effects are not in-
cluded in the model predictions).

Separately, Dellis [26] also looked at the impact of temperat-
ure on OFT. As an example, Figure 11 shows experimental data
points for Oil 5A for temperatures of 33, 50, and 68 °C in compar-
ison with model predictions (shown by the solid or dotted lines).
0il 5A is an SAE O0W-20 lubricant viscosity grade (with 1,40 =

Oil 5A (model, 33 °C)
Oil 5A (model, 50 °C)
Oil 5A (model, 68 °C)

5

1 Oil 5A (experiment, 33 °C)
Oil 5A (experiment, 50 °C)
Oil 5A (experiment, 68 °C)

OFT (um)

270 360 450 540 630
Angle (°)

Figure 11 Comparison of OFT experimental data [26] (squares, tri-
angles, and crosses data) with model (solid or dotted lines) for Oil 54, for
oil temperatures of 33, 50, and 68 °C.
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31 mm®/s and V100 = 6.04 mm®/s). At the measured oil temper-
atures (33, 50, and 68 °C), the calculated oil dynamic viscosities are
estimated to be 34.4, 18.0, and 10.3 mPa-s, respectively. As this
oil is an SAE O0W-20 grade, it is not expected to exhibit as much
temporary shear thinning as the 0W-40 grade considered in
Figure 10, and so such effects have not been considered here.

Therefore, for these simulations, A = 25 mm, b =5 mm, f =
6.67 Hz, r = 80 mm, Py, = 2.32 bar, and viscosities, 1, of 34.4,
18.0, and 10.3 mPa-s, respectively, were used.

Separately, Bolander et al. [40] have independently repor-
ted friction measurements in a reciprocating test rig (in which
A =33.35 mm) designed to simulate piston ring lubrication. From
the measured friction coefficient measurements, the OFT vari-
ation throughout the contact cycle was inferred, and the vari-
ation of OFT throughout the contact for different oscillation fre-
quencies was reported, as was the impact of load on the OFT.

For that test rig [40], for the experiments in which the load
was kept constant and the oscillation frequency varied, the relev-
ant parameters are: A = 33.35 mm, b = 3.79 mm, r = 34.5 mm,
Pyack =430 bar, n =200 mPa:-s, and f= 2, 3, and 5 Hz. The OFT res-
ults reported by Bolander et al. [40] have been digitized and
shown below in Figure 12 as separate data points, where they
are compared with predictions of the model from this paper
(shown as lines in Figure 12).

Experiment (2 Hz)
= Experiment (3 Hz)
o Experiment (5 Hz)

10 — Model (2 Hz)
— Model (3 Hz)
3 — Model (5 Hz)
\81/ 6
£
o 4
2
0
270 360 450 540 630
Angle (°)

Figure 12 Comparison of model predictions (solid lines) with OFT data
published by Bolander et al. [40], showing the impact of different fre-
quencies.

The model seems to overestimate the maximum OFT com-
pared to the results reported by Bolander et al. [40]. However,
the model does assume fully flooded lubrication, and in their par-
ticular experiment [40], the contact was not run in an oil bath,
but rather “two rows of 15 drops of SAE 30 oil (1.0 mL) were
evenly distributed over the entire stroke of the liner segment”, so
there may not be enough oil to flood the contact at mid-stroke
fully. In addition, no account is taken of possible shear heating of
the lubricant (if this did occur, the viscosity of the lubricant
would be lower than assumed in the model calculations).

Overall, the agreement between the model and the results
reported by Dellis [25-27] and Bolander et al. [40] is considered
reasonable and helps to validate the model reported here.

5. Application
5.1. General equation for OFT versus angle—with “squeeze” ef-
fects included

If the maximum OFT (found from Eq. (17)) is hp,,,, the min-
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imum OFT (found from Eq. (25)) is hp;, and the angular position
at which the minimum occurs (found from Eq. (26)) is 4 (°), then
a simple equation that could be used to predict the OFT for any
angle, 6, should take the form below:

h(0) = huin + (Mmax — Amin ) [cOs (6 — A)]. (28)

Figure 13 shows the results for two numerical simulations

with widely different A/b ratios. Simulation #1 has: A = 50 mm,

b =0.5mm, n =10 mPa-s, f= 30 Hz, r = 0.01 m and P,y = 2 bar,

whereas Simulation #2 has: A =5 mm, b = 1 mm, n = 10 mPa-s,
f=30Hz,r=0.1 mand Py, = 2 bar.

4
3
Bl
2
= 2
[
o
1
Simulation #1
Simulation #2
0
360 450 540 630 720
Angle (°)

Figure 13 Comparison of simple equation for OFT variation with angle
(Eq. (28)) shown as blue squares and red triangles, with full numerical
simulations, using Python code (blue and red lines).

Separately, for the two simulations, the values of hy,, Mg
and 4 have been estimated using Eqgs. (17), (25), and (26). The
calculations also required the parameters r, and ry, to be evalu-
ated, using Eqgs. (14) and (21).

For Simulation #1, the simple equations are used to find
that: hy, = 0.54 pm, h,, = 3.79 pm, and 4 = 1.7°. (In this calcula-
tion, 1o, Fsqy Crin(r/Tsq), and Cra(r/r,) were also calculated, with
values of: r, = 0.006,6 m, ryq = 0.042,2, Cpai(r/r,) = 0.977, and
Cmin(r/Tsq) = 0.708. These values were calculated using Egs. (14),
(19), (21), and (22)).

For Simulation #2, the simple equations are used to find
that: hy,;, = 0.97 pm, hy,, = 1.68 um, and 4 = 21.2°. (In addition, it
was found that: r, = 0.059 m, rgg = 0.179, Cpay(r/r,) = 0.969, and
Crin(r/1sq) = 0.980.)

5.2. Application to wear
Figure 14 shows a typical schematic cross-section of the

type of wear scar found in reciprocating tribometers [41]. If y is
the distance between the maximum wear depth and the edge of

AcosA

Figure 14 Schematic of wear profile found in reciprocating wear tests
[41].
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the contact, then:

Y
1 1—cosA. (29)

The angle 4 can be estimated from a measurement of y, and
once 4 is known, hy,/hm.x can be estimated from Eq. (26), and
since h,,, can be readily calculated (from Eq. (17)), values of both
hpmin and hy,,, can be found. Since the values of hp,;,, hpa and 4
are available, the OFT throughout the contact cycle can be estim-
ated using Eq. (28). Note that this analysis assumes low contact
pressures so that hydrodynamic lubrication conditions apply, al-
though it could be envisaged that a similar type of calculation
could be performed for elastohydrodynamic contacts too.

5.3. Comparison of OFT estimates for piston rings

There have been many published papers on OFT estimates
for piston rings [9-20]. The piston ring problem is slightly more
complex than the one solved here, because (1) the load on the
back of the ring varies over the reciprocating cycle (due to chan-
ging combustion pressures), (2) the viscosity also varies over the
cycle since there is a temperature gradient along the liner, with
temperatures at BDC being lower than those at TDC, and (3) the
position and speed of the piston ring are not as simple as those
described by Egs. (1) and (3). There is a crank-slider mechanism,
in which the rotational motion of the crankshaft is converted to
linear motion of the piston via the con-rod. The speed of the pis-
ton ring relative to the liner is given by an equation of the form
below:

R in20
U= wR sin@—i—()sm ,  (30)

2L 2
R
1— (L> sin*6

where U is the speed (m/s) of the piston ring relative to the liner,
w is the angular speed (rad/s), R is the crank radius (m), and L is
the con-rod length (m).

Notwithstanding this more complex motion, to a first ap-
proximation it can be considered as a simple reciprocating con-
tact (since the con-rod length is usually much larger than the
crank radius), with the amplitude of oscillation being equal to the
crank radius, R (which is half the engine’s stroke).

Recently published data [15] modeled a fully flooded top
piston ring, which included “squeeze” effects, and the following
values were reported: St = 78.7 mm (St is the engine stroke
(mm)), so R = 39.35 mm (and con-rod length L is 154 mm), b =
1.5 mm, r= 0.1 m, Py,q = 1.71 bar, N = 2,500 r/min (N is the en-
gine speed (revs per minute)), so w = 261.8 rad/s (correspond-
ing to a frequency f of about 41.67 Hz). The value of R is effect-
ively the amplitude 4, as defined in this paper. The value of Py,
used for BDC and mid-stroke calculations is effectively just due to
the piston ring tension (as pressures in the ring-pack will be
close to atmospheric at these positions). BDC liner temperature
was 100 °C, and TDC liner temperature was 150 °C, so the lubric-
ant viscosity at BDC would be roughly 10 mPa-s, and that at TDC
would be about 3.5 mPa-s (and at mid-stroke it could be as-
sumed that the viscosity would be about 6 mPa-s). The load on
the piston ring at TDC firing will be much higher than at BDC, due
to the increased combustion chamber pressure acting on the
back of the piston ring (which is in addition to the ring tension). A
reasonable value to use for Py, at TDC would be 20 bar. Using
this data, we can estimate the OFT at mid-stroke (from Eq. (17))
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and the minimum OFT at BDC and at TDC firing (from Eq. (25)).

Estimates are obtained as follows: mid-stroke OFT = 5.48 pum,
minimum OFT at BDC = 2.98 pm, and minimum OFT at TDC fir-
ing # 0.094 pum. These numbers are in reasonable agreement
with the data published in Ref. [15] despite the fact that there are
uncertainties as to the correct value of Py, to use at TDC.

Data from Ref. [15] lists the minimum OFT at TDC firing,
at 1,000 r/min, for different values of r. Table 4 lists the report-
ed values [15] together with estimated values (from Eq. (21)).
For these simulations, Py, has been reduced to 10 bar, since it
is unlikely that the engine will be at full load for a speed of
1,000 r/min.

Table 4 Comparison of reported OFT values at TDC firing versus radius
of curvature from Ref. [15] and predictions from Eq. (25)

Piston ring radius of OFT at TDC firing OFT at TDC firing
curvature/m (Ref. [15])/pum (Eq. (25))/um
0.05 0.068 0.01
0.10 0.19 0.07
0.20 0.37 0.21
0.40 0.51 0.39

The results from the simple equation described above are
directionally similar but the simple model consistently under-
predicts the minimum OFT, although it must be emphasized that
there are some uncertainties in the pressure acting on the back of
the piston ring, the exact viscosity to use, and the position and
speed variation of the piston ring is more complex than the
simple sinusoidal functions used in Egs. (1) and (3).

6. Discussion

6.1. Effect of slider radius of curvature on lubrication regime and
wear

In many cases, it is found that the slider radius of curvature
is optimized to maximize the mid-stroke OFT. When this is done,
the slider radius of curvature will typically be much lower than
the optimum value that maximizes the minimum OFT. This will
likely result in lubrication conditions close to reversal positions
being in the mixed or boundary regimes. Wear would then be ex-
pected to occur in the vicinity of the minimum OFT position. If
the slider is softer than the flat surface it is sliding against, this
wear would be expected to result in a “flattening” of the curved
slider over time, so that the slider radius of curvature increases,
which will then lead (according to the theory outlined above) to a
higher OFT around the reversal positions. In fact, Priest et al. [42]
have reported experimental data on piston rings during the “run-
ning-in” period in which this exact mechanism was observed.

On the other hand, if the slider is harder than the flat sur-
face, then wear would be expected to occur mainly on the flat
surface, rather than the slider. The highest amount of wear
would occur at the position where the minimum OFT is expected
to occur (slightly inbound of the reversal position). Then the
combined radius of curvature would become a function of posi-
tion, with a higher radius of curvature occurring closer to re-
versal positions (favoring higher OFT due to squeeze effects),
whereas the radius of curvature would be unchanged around mid-
stroke positions. From a tribological point of view, it would seem
preferable to have a slider of higher hardness. It also suggests
that the work reported here should be extended, in the future,
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to allow for the possibility of a position-dependent radius of
curvature.

It is also worth considering whether a higher radius of
curvature should be chosen for the slider in the first place. This
would result in a lower mid-stroke OFT (although at mid-stroke
the film thickness is relatively thick anyway) but would result in
a higher minimum OFT, which would mean there would be less
mixed/boundary lubrication (and less wear) compared with
choosing a slider whose radius of curvature is optimized for mid-
stroke film thickness. If the slider radius of curvature is too small,
however, it is likely, during the “running-in” process, that wear
will occur, which will naturally result in the effective radius of
curvature increasing anyhow. To give a specific example, con-
sider a simulation in which A = 10 mm, b = 1.5 mm, f = 20 Hz,
n =5 mPa-s, and Py, = 5 bar, for different slider curvature radii.
Table 5 shows the calculated values of h;,, hy,., and 4 for differ-
ent values of r.

Table 5 Results showing how the minimum OFT can be increased by in-
creasing the slider radius of curvature

Slider radius of curvature/m  Apin/um by /um by /hoa 4/(°)

0.05 0.03 1.080 0.028 0.6
0.1 0.149 1.107 0.135 33
0.2 0.374 1.098 0.340 9.7
0.5 0.607 1.029 0.590 19.7
1.0 0.486 0.934 0.520 16.7

6.2. Asymmetry of OFT with slider direction of travel

It has been noted by numerous researchers that the OFT and
friction, in reciprocating tribometers, with symmetric sliders, are
not symmetric. The OFT (and friction) is different when the slider
is moving to the left compared to when the slider is moving to
the right. This effect has been attributed to the squeeze effect. As
has been discussed above, a key parameter related to the
squeeze effect is the parameter A. If there are no squeeze film ef-
fects, 4 = 0, hy,;, would also be zero, and the OFT would be the
same in either direction. As 4 increases, the asymmetrical effects
become more pronounced. As an illustration of this, the data in
Figure 13 has been replotted in Figure 15, versus position (rather
than angle). For the data in Figure 15, Simulation #1 had: A =
50 mm, b = 0.5 mm, n = 10 mPa:s, f = 30 Hz, r = 0.01 m, and
Ppack = 2 bar; and Simulation #2 had: A =5 mm, b =1 mm, =
10 mPa:-s, f=30 Hz, r = 0.1 m, and P}, = 2 bar.

4

3
— Simulation #1
EE& Simulation #2
= 2
25
o

0
-1.00-0.75-0.50—0.25 0
x/A

0.25 0.50 0.75 1.00

Figure 15 Replot of data from Figure 13, showing OFT data versus posi-
tion (normalized to the amplitude of oscillation).
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Figure 16 also shows detailed data of calculated OFT versus
position (from the simulations reported in Table 5), showing how
the asymmetry is also impacted by the slider radius of curvature
if the amplitude is fixed. For the simulations in Figure 16, details
were: A =10 mm, b = 1.5 mm, n = 5 mPas, f= 20 Hz, and P,y =
5 bar.

1.25
1.00
’é 0.75
<
[_4
3
S 0.50
7=0.03 m
0.25 =0.1 m
=0.5m
0
-1.0 -0.5 0 0.5 1.0
x/A

Figure 16 Graph showing how the asymmetry in OFT is influenced by
the slider radius of curvature, for fixed amplitude.

6.3. Impact of the A/b ratio

An intriguing finding from this work is that the ratio of the
minimum to maximum OFT is influenced greatly by the paramet-
er A/b. For large values of this ratio, hy;,/hy.x Will be small. As an
example, in Figure 13, when A/b = 100, h.,;,/hny.x IS approxim-
ately 0.2; whereas when A/b =5, hi,/hmax 1S approximately 0.57.

6.4. Novel aspects of this work

For the first time, simple analytical equations are as shown
below.

(1) The value of the minimum OFT in a hydrodynamic recip-
rocating line contact.

(2) The angular position (4) by which the minimum OFT is
displaced from the reversal position.

(3) The optimum slider radius of curvature (r,) that maxim-
izes the mid-stroke OFT.

(4) The optimum slider radius of curvature (ry,) that maxim-
izes the minimum OFT (close to reversal positions)—this is usu-
ally a few times higher than r,,.

(5) Rather than perform simulations in which key paramet-
ers (such as the amplitude and slider width) are fixed, as is nor-
mally reported in the literature in both experimental and model-
ing work, simulations have been performed for a much wider
range of key parameters (4, b, 1, f, Ppace 1) than those usually con-
sidered.

In addition, a greatly improved equation has been reported
for the maximum OFT, which clarifies how this value varies with
the slider radius of curvature.

The model has been tested against a small number of good-
quality experimental measurements of OFT in reciprocating con-
tacts, and reasonable agreement has been found.

One novel, and perhaps surprising, finding of the work re-
ported here is that the parameter (A/b) is important for determ-
ining the value of 4 (which is a key parameter for estimating how
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asymmetric the OFT variation across the contact is) and also in
determining the ratio hp,;,/hya. The results reported here sug-
gest that the OFT asymmetry would be most pronounced for con-
tacts that have a low (4/b) value and in which the slider radius of
curvature is high (i.e., the slider contact is flatter).

7. Conclusion
Equations have been derived for the maximum OFT, h,,

the minimum OFT, h,;,, and its angular position, 4, for a reciproc-
ating hydrodynamic contact. These are:

r
hmax = Cmax - Hmax7 31
(£) 61

o

hmin = Cmin (r) Hmim (32)

sq

hmm b 0.25 hmin 2 b 0.5
Az35.0(h ><A> +51.1<h >(A) . (33)

where H,,,, and H,,;, are given by

Hmax U(UA
=0.25244/ —— 34
b Pbackb7 ( )
Hmin A 0.25 TI(A)
=0.22( — . 35
b < b > Pback ( )

Using the parameters hp;,, hn.e and 4, the full OFT versus
angle curve, for a hydrodynamic reciprocating contact, can be es-
timated (using Eq. (28)) without the need for a numerical solu-
tion of the Reynolds’ equation.

The results presented here should be of interest to users
(and manufacturers) of reciprocating tribology test machines,
and it has also been shown that reasonable estimates of piston
ring OFT can be obtained for mid-stroke, BDC, and TDC positions,
despite the parameters for the piston ring problem being quite
different compared to the data sets that the above equations
were derived from.

There was also a brief discussion of the possibility of estim-
ating the position, 4, of the minimum OFT by careful measure-
ment of wear scars in reciprocating test rigs. This position can
then be used to estimate the ratio, hp,i,/hma. and since h,, can
readily be determined from the operating conditions of the test
rig, all three parameters could be estimated from experimental
wear data in reciprocating test rigs, and the OFT versus angle
variation that was present in the test could be reconstructed.

Clearly, the results presented here assume hydrodynamic
lubrication. It would be instructive to repeat the calculations re-
ported here for elastohydrodynamic lubrication conditions, al-
though it would be expected that OFT will be larger under elast-
ohydrodynamic conditions (at least if isothermal conditions are
assumed), so the calculations reported here provide a useful en-
gineering lower limit on OFT values. It is the intention of future
research to apply the methods reported here to reciprocating
contacts in the elastohydrodynamic regime.

In addition, an intriguing relationship has been found
between the ratio of the minimum to maximum OFT, h.;,/hmax
and the ratio, A/b, where A is the amplitude of oscillation and b is
the slider width.

This paper is the first attempt to provide improved clarity
regarding issues surrounding squeeze film lubrication in recip-
rocating sliding contacts. Future work is planned to improve the
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model by (1) including the effect of surface roughness, (2) ex-
tending the analysis to include the elastohydrodynamic regime,
(3) extending the analysis to allow for elliptical (and point) con-
tacts, and (4) including more complex fluid rheology to allow for
lubricants such as grease.
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